Preliminaries
Let S be a non-empty subset of a group G. We say S is product-free if S ∩ SS = ∅. A product-free set S is locally maximal if whenever T is product-free in G and S ⊆ T , then S = T . Finally a product-free set S fills G if G * ⊆ S ∪ SS (where G * is the set of all non-identity elements of G), and G is a filled group if every locally maximal product-free set in G fills G. This definition, due to Street and Whitehead, was motivated by the observation that a product-free set in an elementary abelian 2-group A is locally maximal if and only if it fills A, and hence the elementary abelian 2-groups are filled groups. We list some results that we shall use in the next two sections. (ii) [4, Lemma 1] If G is a filled group, and N is a normal subgroup of G, then G/N is filled.
(iii) [4, Theorem 2] A finite abelian group is filled if and only if it is C 3 , C 5 or an elementary abelian 2-group.
(iv) [1, Lemma 2.3] C 3 is the only filled group with a normal subgroup of index 3.
(v) [1, Lemma 2.5] If G is a filled group with a normal subgroup N of index 5 such that not every element of order 5 is contained in N , then G ∼ = C 5 .
(vi) [1, Theorem 2.6] The only filled groups of odd order are C 3 and C 5 .
(vii) [1, Prop 2.8] For n ≥ 2, the generalized quaternion group of order 4n is not filled.
Classification of filled dihedral groups
A list of non-abelian filled groups of order less than or equal to 32 was given in [1] . There are eight such groups: six are dihedral, and the remaining two are 2-groups. The dihedral groups on the list are those of order 6, 8, 10, 12, 14 and 22. Our aim in this section is to show that these are in fact the only filled dihedral groups.
Notation 2.1. We write D 2n = x, y| x n = y 2 = 1, xy = yx −1 for the dihedral group of order 2n (where n > 2). In D 2n , the elements of x are called rotations and the elements of x y are called reflections. For any subset S of D 2n , we write A(S) for S ∩ x , the set of rotations of S, and B(S) for S ∩ x y, the set of reflections of S. 
We also note that
Proposition 2.3. Let n be an odd integer, with n ≥ 13. Then D 2n is not filled.
Proof. Let n be an odd integer. Then there is an odd number k for which n is either 5k − 6, 5k − 4, 5k − 2, 5k or 5k + 2.
Suppose first that n is 5k − 2 for an odd integer k. Since n ≥ 13, we note that k ≥ 3. Now consider the following set S.
By Theorem 1.1(i) therefore, S is locally-maximal product free in G, but we have noted that S does not fill G.
Next we suppose n = 5k for an odd integer k, and again since n ≥ 13, we have k ≥ 3. Taking the same set S = {x k , x k+2 , · · · , x 3k−2 ; y, xy, · · · , x k−1 y} we find that S is locally maximal product-free but does not fill G. Now suppose n = 5k + 2 for k ≥ 3 and odd. The set T given by
is locally maximal product-free in G (again using Theorem 1.1(i)), but does not fill G since x 3k / ∈ T ∪ T T . Next suppose n = 5k − 6 for k ≥ 5 and odd. Then the set U given by
is a locally maximal product-free set in G that does not fill G.
Finally, consider the case n = 5k − 4 for k ≥ 5 and odd. The set V given by
is locally maximal product-free set in G which does not fill G. Proof. The filled groups of order up to 32 were classified in [1] , and this gives the information about filled dihedral groups in that range. For the second part of the lemma, an application of Theorem 
Filled groups of orders up to 100
This section focuses on the classification of filled groups of orders up to 100. The filled groups of order up to 32 are already known. Above order 32, we can immediately discount abelian, dihedral and generalized quaternion groups. There is also the following observation, which deals with groups of order 4p, where p is an odd prime.
Lemma 3.1. Let p be an odd prime. If G is a filled group of order 4p, then p = 3 and the group is D 12 .
Proof. The only filled group of order 12 is D 12 . So we may assume p ≥ 5. Recall that if p ≡ 1 mod 4, then D 4p and Q 4p are the only non-abelian groups of order 4p, and for p ≡ 1 mod 4, the non-abelian groups of order 4p are D 4p , Q 4p and G 4p , where
and
In the light of Theorem 1.1(vii) and Theorem 2.5, we only need to show that G 4p is not filled. But G 4p has a quotient isomorphic to C 4 ; hence, by Theorem 1.1(ii), G 4p is not filled.
We next use the fact that filled groups must have filled quotients (Theorem 1.1(ii)) to eliminate nearly all other candidates. If any candidate has a normal subgroup of index 3, then by Theorem 1.1(iv) it cannot be filled (in spite of the fact that C 3 is filled). The remaining groups have the property that all their quotients are filled. These are dealt with using a brute-force search for locally maximal product-free sets that do not fill the group in question. We do this using the program below in [2] .
### A program to test whether a given set is product-free PFTest:= function(T) local x, y, prod; for x in T do for y in T do if x * y in T then return 1; fi; od; od; return 0; end; ### This program stops as soon as a locally maximal product-free set which does not fill the group G is found. Our investigation shows that if k is the order of a filled group with 32 < k ≤ 127, then k = 64. Certainly the elementary abelian group of order 64 is filled. There are two further groups of order 64 whose status we were not able to determine. So, there are at most three filled groups of order 64. This means that every known filled group is either abelian (C 3 , C 5 or an elementary abelian 2-group), dihedral (D 6 , D 8 , D 10 , D 12 , D 14 or D 22 ) or a 2-group, with the only known nonabelian examples being D 8 , D 8 × C 2 and D 8 * Q 8 (one of the two extraspecial groups of order 32). We conclude with the following question:
